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Abstract
A group G has finite co-central rank s if there exists a least non-negative integer s such that every
finitely generated subgroup H can be generated by at most s elements modulo the centre of H . The
investigation of such groups has been started in [J.P. Sysak, A. Tresch, J. Group Theory 4 (2001) 325].
It is proved that hyper-abelian groups with finite co-central rank are locally soluble. The interplay
between the Prüfer rank condition, the condition of having finite abelian section rank and the finite
co-central rank condition is studied. As one result, a hyper-abelian group G with finite co-central
rank has an ascending series with abelian factors of finite rank and every chief factor in G is finite.
 2004 Elsevier Inc. All rights reserved.
1. Introduction
Groups with finite Prüfer rank (in the following simply called rank) are subject to a
large number of investigations. Recall that a group G has finite Prüfer rank r = r(G) if and
only if every finitely generated subgroup can be generated by r elements, and r is minimal
with this property. In [7], a less restrictive rank condition was introduced which does not
immediately affect the structure of the abelian subgroups of a group. We say that a group
G has finite co-central rank s = rc(G) if for every finitely generated subgroup H of G,
the group H may be generated by s elements modulo its centre Z(H), and s is the least
integer with this property. If no such integer exists, G has infinite co-central rank. In [7,
Theorem B], it was proved that locally soluble-by-finite groups with finite co-central rank
are hyper-abelian-by-finite. The first aim of this paper is to show that the converse of this
theorem also holds:
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finite if and only if G is hyper-abelian-by-finite.
One of the various generalizations of the notion of finite rank is the condition of having
finite abelian section rank. A group G is said to have finite abelian section rank if every
elementary abelian section of G has finite rank. It seems that the finite abelian section rank
condition and the finite co-central rank condition are rather closely related, as they have
similar structural effects when they are imposed on a hyper-abelian group. Robinson [6,
Theorems C and D] has shown that the chief factors of a hyper-abelian group are finite if
this group has finite abelian section rank. The next theorem shows that this is also the case
if this group has finite co-central rank.
Theorem B. Let the hyper-abelian group G have finite co-central rank. Then each chief
factor of G is finite and each maximal subgroup of G has finite index.
The structure of hyper-abelian groups with finite co-central rank is described more
precisely by the following theorem (which obviously also holds for hyper-abelian groups
with finite abelian section rank). It is the main theorem of this paper since the other results
are derived from this fact.
Theorem C. A hyper-abelian group with finite co-central rank has an ascending normal
series with abelian factors of finite rank.
The results of this paper can also be found in my Ph.D. thesis [8].
2. Preliminaries
Throughout the paper k denotes either a finite field or the ring Z of integers, G is a
group and kG is the group ring of G over k. All occurring modules are right modules.
A kG-module N is called cyclic if it is generated by one element, i.e., there exists an n ∈ N
such that N = nkG = {nx | x ∈ kG}. If M is a kG-module, its rank r(M) is understood to
be the rank of M as an abelian group. The group generated by the elements gj , j ∈ J , is
denoted by 〈gj | j ∈J 〉. The commutator a−1b−1ab of two elements of a group is written
as [a, b]. For subsets A1, . . . ,An of a group define [A1,A2] = 〈[a1, a2] | aj ∈ Aj 〉 and
recursively [A1, . . . ,An] = [[A1, . . . ,An−1],An]. In particular, [G,G] = G′ is the derived
subgroup of G. For any subsets K,S ⊆ G let KS = 〈Ks | s ∈ S〉.
A hyper-abelian group G always contains a normal subgroup M which is either an
elementary abelian p-group for some prime p or a torsion-free group. The centralizer
CG(M) of M in G is a normal subgroup of G. Let G = G/CG(M) and bars denote images
of elements of G in G. The group M may be regarded as a kG-module for the Galois field
k = Fp and for k = Z, respectively, if we define mg¯ to be the conjugate mg = g−1mg of
m under g in G and extend this operation to kG. When there is no danger of confusion,
we use the expressions kG-module and G-module synonymously. The next three lemmas
deal with this situation.
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finite rank d . If M =∑j∈J Mj is a sum of cyclic submodules Mj each of which is a
homomorphic image of N , then every cyclic submodule of M has rank at most d .
Proof. If n is a generator of N , then the mapping kG  1 → n ∈ N induces a kG-
module homomorphism whose kernel is AnnkG(n) = {r | r ∈ kG, nr = 0}, the annihilator
of n in kG. So nkG ∼= kG/AnnkG(n) as kG-modules. Note for the abelian group G,
AnnkG(n) = AnnkG(N). Indeed, let m be an arbitrary element of N , so that m = nx
for some x ∈ kG. Then, for y ∈ AnnkG(n), my = nxy = nyx = 0x = 0 and y lies
in AnnkG(N). Thus N ∼= kG/AnnkG(N). Since Mj is an homomorphic image of the
kG-module N , the annihilator of Mj in kG contains AnnkG(N) for every j ∈ J . So
AnnkG(M) also contains AnnkG(N), because M is the sum of the Mj , j ∈ J . For every
m ∈ M we therefore have AnnkG(m)AnnkG(N). Now mkG ∼= kG/AnnkG(m), so
r(mkG) = r(kG/AnnkG(m)) r(kG/AnnkG(N))= r(N) = d. 
Lemma 2. Let M be a kG-module and let g be a non-trivial element of the centre Z(G)
of the group G. If there exists a non-zero element m ∈ M and a positive integer s such that
(1) the k〈g〉-module mk〈g〉 has finite rank, say d , and
(2) every finitely generated k〈g〉-submodule of M can be generated by s elements,
then mkG is a nontrivial kG-submodule of rank at most sd .
Proof. Put L = mk〈g〉 and let x ∈ kG. Since the element g is central in G, the mapping
l → lx with l ∈ L is a k〈g〉-module homomorphism from L onto Lx . Thus K = mkG =∑
x∈kGLx is the sum of cyclic k〈g〉-modules Lx , and each Lx is an epimorphic image
of L. Hence every cyclic k〈g〉-submodule of K has rank at most d by Lemma 1. Let
N be any finitely generated k〈g〉-submodule of K . By the assumption of the lemma,
N can be generated as a k〈g〉-module by some s elements m1, . . . ,ms ∈ K . Hence
r(N)
∑
j=1,...,s r(mjk〈g〉) sd . This implies r(K) sd . 
The following lemma is crucial for finding abelian normal subgroups of finite rank. In
particular, it proves Theorem C for the special case that G has an abelian normal subgroup
M for which G/CG(M) is abelian.
Lemma 3. Let G be a group with finite co-central rank and M its abelian normal subgroup
which is either elementary abelian or torsion-free. If Z is the full preimage in G of
the centre of the factor group G/CG(M), then for any elements g ∈ Z and m ∈ M the
subgroup [m,g]G M has finite rank.
Proof. Denote G = G/CG(M) and, for every h ∈ G, let h¯ be the image of h in G. Put
k = Fp , if M is an elementary abelian p-group, and k = Z, otherwise. Then M can be
considered as a kG-module with mh¯ = mh for every m ∈ M . If g ∈ Z, then g¯ is a central
element of G and so the mapping ϕ :m → m(1 − g¯) with m ∈ M is a kG-homomorphism
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mx−mxg¯ = mx−mg¯x = m(1− g¯)x = ϕ(m)x . Hence CM(g) = Kerϕ and N = M(1− g¯)
are kG-modules.
If m(1 − g¯) = 0, then [m,g] = 1 in G and the lemma is proved. Let m(1 − g¯) = 0.
We want to apply Lemma 2 to the kG-module N with m(1 − g¯) and g¯ in the role of the
elements m and g respectively.
The subgroup 〈m,g〉 of G is finitely generated and soluble of finite co-central rank,
hence minimax by [7, Proposition 18]. Consequently, the normal closure m〈g〉 of m in this
subgroup or, in other words, the k〈g¯〉-module mk〈g¯〉 has finite rank, say d .
Let K = m1k〈g¯〉 + · · · + mrk〈g¯〉 be a finitely generated k〈g¯〉-submodule of M ,
m1, . . . ,mr ∈ M . Then H = 〈m1, . . . ,mr , g〉 is a subgroup of G such that H = K〈g〉.
As G has finite co-central rank, say s, there exist some elements h1, . . . , hs ∈ H such
that H = 〈h1, . . . , hs〉Z(H). Therefore there are elements n1, . . . , ns from K such that
H = 〈n1, . . . , ns, g〉Z(H). Let L = n1k〈g¯〉 + · · · + nsk〈g¯〉. Then H = LZ(H)〈g〉. Noting
that K(〈g〉 ∩ M) = H ∩M and Z(H) CM(g)〈g〉, we can write
KCM(g) = (H ∩ M)CM(g) = HCM(g)∩ M
= LZ(H)〈g〉CM(g) ∩ M = LCM(g)〈g〉 ∩M
= LCM(g)
(〈g〉 ∩ M)= LCM(g).
This implies that KCM(g)/CM(g) = LCM(g)/CM(g) is s-generated as a k〈g¯〉-module.
Thus every finitely generated k〈g¯〉-submodule of M/CM(g) and so of N is s-generated
because M/CM(g) is isomorphic as a k〈g¯〉-module to N .
Applying now Lemma 2 to the kG-module N (with m(1 − g¯) and g¯ in the role of the
elements m and g), we obtain that the kG-submodule m(1 − g¯)kG has finite rank. In other
words, the group [m,g]G is a G-invariant subgroup of M which has finite rank. The lemma
is proved. 
We need the following easy observation which we state as a lemma.
Lemma 4. (a) Let M and H be normal subgroups of the group G with [H,M,M] = 1.
Let M be torsion-free and let F be a normal subgroup of M such that M/F is periodic.
Then CH(M) = CH (F).
(b) Let M be a torsion-free abelian normal subgroup of the group H . Let F be a
subgroup of M such that M/F is periodic. Then [M,H ]/[F,H ] is periodic. If H operates
trivially on F , then H operates trivially on M .
Proof. (a) Let m ∈ M and k ∈ Z such that mk ∈ F . For any h ∈ CH (F), [m,h]k =
[mk,h]  [F,CH (F)] = 1. Since M is torsion-free, this implies [m,h] = 1. As m was
arbitrary, h centralizes M , hence CH (F) CH (M). The reverse inclusion is trivial.
(b) As M is abelian, the condition [H,M,M]  [M,M] = 1 holds. Let m ∈ M and
k ∈ F such that mk ∈ F . The commutator relation [m,h]k = [mk,h] ∈ [F,H ] shows that
each member of the generating set {[m,h] | m ∈ M, h ∈ G} has some power in [F,H ].
But [M,H ] is abelian, so [M,H ]/[F,H ] is periodic. If we assume [F,H ] = 1, then the
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must be trivial. The lemma is proved. 
Lemma 5 contains some information about the ranks of factor groups modulo
centralizers in groups with finite co-central rank. As it may be of independent use, we
state it in a slightly more general way than needed.
Lemma 5. Let H be a group with finite co-central rank s and M an abelian normal
subgroup of H . If one of the following conditions holds, then r(H/CH(M)) s.
(a) There exists a finite subset F ⊆ M such that CH (M) = CH (F).
(b) The subgroup M is torsion-free of finite rank.
(c) [M,H ] Z(H) and M is finitely generated as a ZH -module.
Moreover, if case (c) holds, the subgroup M has finite rank.
Proof. (a) Let K be a finitely generated subgroup of H . If L = 〈K,F 〉, we have
LCH (M) = KCH (M). The centralizer CL(F) contains Z(L), so KCH (M)/CH(M) =
LCH (M)/CH(M) = LCH (F)/CH (F) ∼= L/CL(F). The last group is s-generated as an
epimorphic image of the s-generated group L/Z(L), and so is KCH (M)/CH(M). This
proves r(H/CH(M)) s.
(b) Let F be some maximal independent subset of M . Then F is finite and M/〈F 〉 is
periodic. By Lemma 4(a), CH (F) = CH (〈F 〉) = CH (M) and the result follows by part (a).
(c) Let m ∈ M . The normal closure of m in H is mH = 〈m, [m,H ] 〉. Since [m,H ]
Z(H), it follows that CH (mH) = CH (m). If M is finitely generated as a ZH -module, there
exists a finite set F = {m1, . . . ,mr | mj ∈ M, 1  j  r} such that M = FH . Therefore
CH (M) = CH(F) and part (a) yields the desired result.
Assume now that the case (c) holds. It is straightforward to check that for every
m ∈ M the mapping τ :h → [m,h] with h ∈ H is a group homomorphism from H onto
[m,H ] because of [m,H ]  Z(H). Since r(H/CH(m))  r(H/CH(M)  s, the group
[m,H ] ∼= H/Kerτ = H/CH(m) has finite rank at most s. We conclude that r(mH ) =
r(〈m, [m,H ]〉)  s + 1. So every cyclic H -submodule of M has finite rank. As M is
finitely generated as an H -module, the rank of M has to be finite, too. 
Let us describe the situation which will be encountered in the next section. We consider
an (elementary abelian or torsion-free abelian) normal subgroup M of G. Assuming
without loss that M is non-central, there exists an abelian normal subgroup H/CG(M)
of G/CG(M). By Lemma 3, M contains an H -invariant subgroup K of finite rank. The
next lemma shows that we can choose K to be non-central in H . This fact will be exploited
when the rank of KG is determined.
Lemma 6. Let H be a group with finite co-central rank and let M be an abelian normal
subgroup of H which is either an elementary abelian p-group or torsion-free. Assume that
the factor group H/CH(M) is non-trivial and abelian. Then M contains an H -invariant
subgroup K of finite rank such that K is not central in H .
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[m,h] /∈ Z(H). Hence the normal closure K = [m,h]H of [m,h] in H lies in M and is
a non-central subgroup of H . By Lemma 3, the subgroup K has finite rank.
Now suppose that [M,H ] Z(H). Choose some element m ∈ M which is not central
in H . Apply Lemma 5 part (c) to the normal closure K = mH of m in H which is a cyclic
ZH -module. As a result, K is of finite rank and clearly not central in G. 
3. Proof of Theorem C
The next lemma is essentially Exercise 15.1.8 of [4]. For the sake of completeness, we
provide a proof.
Lemma 7. (a) An irreducible Q-linear group G of finite co-central rank is residually finite.
(b) A group G of finite rank acting rationally irreducibly on a torsion-free abelian group
A of finite rank is finitely generated.
(c) An irreducible Q-linear group G cannot have finite rank.
Proof. (a) Assume that G is a Q-linear group of finite co-central rank. The Tits alternative
[9, Theorem 10.16 and Corollary 10.17] shows that G is soluble-by-finite because a group
of finite co-central rank does not have non-cyclic free subgroups. An irreducible soluble
linear group is abelian-by-finite by [9, Lemma 3.5]. Let A be an abelian normal subgroup
of G of finite index. By Clifford’s Theorem [9, Theorem 1.7], A is completely reducible.
Thus it is enough to prove the lemma for G an abelian irreducible Q-linear group. Let G act
irreducibly on the finite-dimensional Q-vector space V . Then EndQG(V ) is a division ring
by Schur’s lemma [4, 8.1.4]. The centre F of EndQG(V ) is a finite-dimensional Q-division
algebra and hence an algebraic number field. The elements of G belong to F and they form
a multiplicative group of units of F . A theorem of Skolem [1, Theorem 127.2]) describes
the structure of the group of units of an algebraic number field. It is the direct product of a
finite cyclic group with a free abelian group (in countably many generators). In particular,
such a group is residually finite. Since G is isomorphic to a subgroup of this group it is
also residually finite.
(b) By the hypothesis, G is an irreducible group of Q-automorphisms of A ⊗Z Q.
Continuing the argument of (a), we see that G must be finitely generated.
(c) By (b) G must be finitely generated. But a finitely generated group cannot be an
irreducible Q-linear group by [5, Lemma 9.39.1]. 
Lemma 8 is probably known, but there seems to be no appropriate reference.
Lemma 8. (a) Let H1, H2 be normal subgroups of the group G. Let H1/CH1(H2) and
H2/CH2(H1) be abelian and let [H1,H2] Z(H1H2). Then there exists a surjection from
H1/CH1(H2) ⊗Z H2/CH2(H1) onto [H1,H2].
(b) Let G be nilpotent of class less than or equal to 2. If r(G/Z(G)) = s, then
r(G′) s2.
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[L,H,H ] = 1. If H/CH(L) and L/CL(H) both have finite rank, then so does [H,L].
Proof. (a) Let i, j ∈ {1,2}, i = j . Let hi, gi ∈ Hi , hj ∈ Hj be arbitrary. The iden-
tity [hiCHi (Hj),hjCHj (Hi)] = [hi, hj ] shows that the mapping α :H1/CH1(H2) ×
H2/CH2(H1), (hiCHi (Hj),hjCHj (Hi)) → [hi, hj ], is well-defined. Because of [H1,H2]
 Z(H1H2), we have [h1g1, h2] = [h1, h2][g1, h2] and [h1, h2g2] = [h1, h2][h1, g2] for
any hj , gj ∈ Hj . This proves that α is bilinear. By the fundamental mapping property of
tensor products (over Z), α induces a homomorphism α¯ :H1/CH1(H2)⊗ZH2/CH2(H1) →
[H1,H2]. Since the commutators [h1, h2], which generate [H1,H2], all lie within the im-
age of α¯, the homomorphism α¯ is surjective.
(b) Let H1 = H2 = G and apply part (a) to obtain a surjection from G/Z(G) ⊗Z
G/Z(G) onto G′. The rank of a tensor product of abelian groups is bounded by the product
of the ranks of its factors (see [5, Vol. 2, p. 55]), so the result follows.
(c) The specialization H1 = H , H2 = L in part (a) yields the existence of a surjection
from H/CH(L) ⊗Z L/CL(H) onto [H,L]. Assertion (c) is then again a consequence of
the fact that the property of having finite rank is inherited by tensor products. 
Lemma 9. Let G be a hyper-abelian group with finite co-central rank. Let M be an abelian
normal subgroup of G and let H/CG(M) be an abelian normal subgroup of G/CG(M).
(a) If M is elementary abelian, then it cannot contain an infinite direct sum of non-central
H -modules of bounded finite rank.
(b) If M is elementary abelian and L M is an irreducible non-central H -module of
finite rank, then LG has finite rank.
(c) If M is torsion-free and L M is a rationally irreducible non-central H -module of
finite rank, then LG has finite rank.
Proof. (a) Let K =⊕j∈J Kj be a direct sum of the non-central H -invariant subgroups
Kj and let the rank of Kj, j ∈ J , be bounded by some integer r . Since the order of Kj
is bounded by pr , the order of Aut(Kj ) is also bounded by some integer, l say. Then
Hl!  CH (K) and H/CH(K) is of finite exponent. By Lemma 3 of [7], H/CH(K) has
finite rank and so is finite. As a consequence, the number of non-isomorphic H -modules
Kj is finite. If |J | were infinite, then K would contain a direct sum N = ⊕i∈N Ki of
infinitely many isomorphic H -modules (w.l.o.g. N ⊆ J ). Let k ∈ K1 and h ∈ H such
that [k,h] = 1. For i ∈ N, let ϕi :K1 → Ki be some H -module isomorphism and define
ki = ϕik. Let t ∈ N and let F = 〈h, k1, . . . , kt 〉. Now, F has co-central rank less than or
equal to s, say, so F = 〈f1, . . . , fs〉Z(F). Hence there are m1, . . . ,ms ∈ F ∩ K such that
F ∩K = m〈h〉1 . . .m〈h〉s (Z(F )∩K). By Lemma 1, r(m〈h〉i ) r(k〈h〉) r(K1). As F ∩K is
the direct sum of the k〈h〉i , the centralizer of F in K is
Z(F)∩K =
t⊕
C
k
〈h〉
i
(h).i=1
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k
〈h〉
i
(h) < k
〈h〉
i , r((F ∩ K)/(Z(F )∩ K)) t . On the other hand,
r
(
(F ∩K)/(Z(F)∩ K)) r(m〈h〉1 . . .m〈h〉s ) s · r(K1).
Since t was arbitrary, it can be chosen greater than s · r(K1). This contradiction proves that
J must be finite.
(b) The group LG is a sum of irreducible H -modules Lg , g ∈ G. It is well known that it
can be written as LG =⊕j∈J Lj , a direct sum of some conjugates Lj of L. Note that for
every j ∈ J , |Lj | = |L| and that Lj is a nontrivial H -module. By part (a) of the lemma,
J must be finite, hence LG is a finite direct sum of modules of finite rank. It therefore
must have finite rank itself.
(c) As L is torsion-free of finite rank, H/CH(L) has finite rank by Lemma 5(b).
Thus H/CH(L) is finitely generated by Lemma 7. It can therefore be considered as a
subgroup of GL(r,R) for some finitely generated subring R of the rationals. For such
a ring, the intersection
⋂
p pR is trivial as p runs through all primes. Now choose some
1 = k ∈ L and set K = kH . Then K can be considered as a submodule of the direct product
Rr = R × · · · × R (written additively). It follows that ⋂p Kp ⋂p(pR)r = 0, where
p runs through the primes. H does not operate trivially on K since otherwise, it would
operate trivially on L by Lemma 4. Therefore, there exists some prime p such that K/Kp is
not central in H . Two conjugates of K in G either have the same rank as their intersection,
or their intersection is trivial. It follows that KG contains a direct sum N =⊕j∈J Kj of
conjugates Kj of K such that KG/N is periodic and hence r(KG) = r(N). Note that Kj is
H -invariant and Kj/Kpj is not central in H for each j ∈ J . Considering the group H/Np
(with N/Np in the role of M), we may apply part (a) of the lemma and conclude that J is
finite. Thus r(L) = r(KG) = r(N) = |J | · r(K) is finite. 
Let M be a collection of subgroups of the group M . Then M is called a local system
of M if M = ⋃{U | U ∈ M} and if to every N1,N2 ∈M there is an N ∈M with
N1,N2 N .
The Hirsch length of a soluble group G is denoted by r0(G). A theorem of Glus˘kov [2]
states that for a torsion-free nilpotent group G, r0(G) = r(G).
Lemma 10. Let H and M be subgroups of G such that CH (M) H . Let M be a local
system of M satisfying CH (N)  H for all N ∈M. If there exists an integer s such that
H/CH(N) is torsion-free nilpotent of rank  s for every N ∈M, then so is H/CH(M).
Proof. Choose some N ∈M such that the rank of H/CH(N) is maximal. The lemma is
proved if we can show CH (M) = CH(N). Suppose that this is not the case. There exists
some K ∈M with K > N and CH(K) < CH (N). Since the three groups H/CH(K),
H/CH(N) and CH (N)/CH(K) are torsion-free nilpotent, the rank formula
r
(
H/CH(K)
)= r0(H/CH(K))= r0(H/CH(N))+ r0(CH (N)/CH (K))
= r(H/CH(N))+ r(CH (N)/CH(K))> r(H/CH(N))
holds, contradicting the choice of N . 
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nature. Considering abelian groups A and B as Z-modules, one can form their tensor
product A ⊗Z B over the integers. The property needed here is that r0(A ⊗Z B) =
r0(A) · r0(B) (this can be proved by elementary calculations). Although not needed later,
part (b) of the lemma has been included because it might be of independent interest.
Lemma 11. Let G be a locally nilpotent group with finite co-central rank s.
(a) If G is torsion-free, then the rank of G′ is bounded by s(s − 1)/2.
(b) If G is a p-group, then the rank of G′ is bounded by a function g(p, s) depending only
on p and s.
Proof. (a) Let Z = Z(G) and Gr = γr(G), r = 1, . . . , s + 1. By [7, Theorem A],
r(G/Z) = s and Gs+2 = 1. Use the commutator formula [Gi,Gj ]Gi+j (see [4, 5.1.11])
to check that for r = 1, . . . , s the mappings
αr :G/ZG2 ×ZGr/ZGr+1 → Gr+1/Gr+2, (gZG2, hZGr+1) → [g,h]Gr+2
are well-defined, Z-bilinear and surjective. By the universal mapping property of tensor
products, this induces epimorphisms
α¯r :G/ZG2 ⊗Z ZGr/ZGr+1 → Gr+1/Gr+2 (∗)
for r = 1, . . . , s. The group G/Z is torsion-free by [5, Theorem 2.25]. So by the theorem
of Glus˘kov [2], r0(G/Z) = r(G/Z)  s and r0(G/ZG2)  s. Let r0(G/ZG2) = k, so
r0(ZG2/Z)  s − k. If F is a maximal free abelian subgroup of G/ZG2 with free
generators g1ZG2, . . . , gkZG2, then 〈[gi, gj ]G3 | 1 i < j  k〉 is a subgroup of G2/G3
with periodic factor group. Hence
r0(G2/G3)
1
2
k(k − 1).
The Hirsch length of the other terms of the lower central series can be bounded using (∗):
r0(Gr+1/Gr+2) r0(G/ZG2) · r0(ZGr/ZGr+1)
= k · r0(ZGr/ZGr+1), r = 2, . . . , s.
Clearly 1 = Gs+2 Gs+1  · · ·G2 = G′ is a normal series in G′. Note that Gs+1  Z
and Z = ZGs+1  ZGs  · · · ZG1 = G is a normal series in G joining Z and G. Again
using the theorem of Glus˘kov [2], we calculate the rank of the torsion-free group G′ as
r(G′) = r0(G′) =
s∑
r=1
r0(Gr+1/Gr+2)
1
2
k(k − 1)+ k ·
s∑
r=2
r0(ZGr/ZGr+1)
= 1k(k − 1)+ k · r0(ZG2/Z) 1k(k − 1)+ k(s − k).2 2
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max
k∈{1,...,s}
(
1
2
k(k − 1)+ k(s − k)
)
= 1
2
s(s − 1).
Therefore, r(G′) s(s − 1)/2.
(b) Since every finitely generated subgroup of G′ is contained in the commutator
subgroup of some finitely generated subgroup of G, we may assume that G is finitely
generated and prove that r(G′)  g(p, s). Let S ↪→ F π G be a presentation of G,
i.e., let π be an epimorphism from the free group F onto G with S = Kerπ . If ε is
the canonical epimorphism from G onto G/Z, then R ↪→ F πε G/Z is a presentation
of G/Z with R = Ker(πε). The Schur multiplicator M(G/Z) of G/Z is isomorphic
to (F ′ ∩ R)/[F,R] by Hopf’s formula [4, 11.4.15]. Furthermore Rπ  Ker ε = Z. We
conclude that [F,R]π  [G,Z] = 1, thus [F,R] F ′ ∩ S. Now calculate r(G′) as
r(G′) = r((F/S)′)= r(F ′S/S) r(F ′S/(F ′S ∩ R))+ r((F ′S ∩R)/S)
= r(F ′R/R) + r((F ′ ∩ R)S/S)= r((F/R)′)+ r((F ′ ∩ R)/(F ′ ∩ S))
 r
(
(G/Z)′
)+ r((F ′ ∩R)/[F,R]) r(G/Z)+ r(M(G/Z)).
The group G/Z is a finite p-group whose rank is bounded by a function f (p, s)
depending only on p and s by [7, Theorem A]. The results of Lubotzky and Mann on
the Schur multiplicator of groups of finite rank [3, Theorem 4.2.3] show that the rank
of M(G/Z) is bounded by a function which depends only on the rank of G/Z. So
r(G′)  r(G/Z) + r(M(G/Z)) is also bounded by a function g(p, s) depending on p
and s only. 
Proof of Theorem C. Let G be a hyper-abelian group with finite co-central rank s. As the
hypothesis of the theorem is inherited by quotient groups, it is enough to construct in G
an abelian normal subgroup of finite rank. G possesses some abelian normal subgroup
M = 1 which is either elementary abelian or torsion-free. If M is central in G, any non-
trivial cyclic subgroup of M is normal in G and of rank 1. Therefore we may assume
that CG(M) = G and choose some non-trivial abelian normal subgroup H/CG(M) of
G/CG(M).
Case 1. Assume CM(H) = 1. By Lemma 6, M contains H -invariant subgroups of finite
rank. Among these choose some L = 1 of minimal rank. Now L is not central in H because
of CL(H) CM(H) = 1. If M is elementary abelian, L is an irreducible H -module. If M
is torsion-free, L is a rationally irreducible H -module. Apply either part (b) or (c) of
Lemma 9 in order to obtain that the abelian group LG has finite rank.
Case 2. Assume C1 = CM(H) = 1 and CM/C1(H/C1) = 1. Define L/C1 = CM/C1(H/C1),
so L is a normal subgroup of G satisfying [L,H,H ] = 1. Then H/CH(L) is clearly
abelian as a quotient group of H/CH(M). First assume that L is an elementary abelian
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note that [L,H ]  C1 and hence [hp, l] = [h, l]p = 1. It follows by [7, Lemma 2.3]
that r(H/CH(L))  2s, so the order of H/CH(L) is less than or equal to p2s . Let
T be a transversal of CH (L) in H . Since L is contained in the second centre of H ,
the mapping h → [l, h] is a homomorphism from H to L for every l ∈ L. Therefore,
[L,H ] = [L,T ] = 〈[L, t] | t ∈ T 〉. If we can show that r([L, t]) is finite for each t from
the finite set T , the rank of the non-trivial group [L,H ] is also finite and we are done. So
let t ∈ T and consider the group K = L〈t〉. Clearly L  Z2(K) and K/Z2(K) is cyclic,
which implies that Z2(K) = K and K is nilpotent of class at most two. Clearly tp ∈ Z(K).
Thus if K = K/〈tp〉 then by [7, Theorem A], K/Z(K) has finite rank. Lemma 8(b) implies
that r(K ′) = r(K ′) is finite, too.
Secondly, assume that L is torsion-free. By Lemma 6 there exists an H -invariant
subgroup K of L which is of finite rank and which is not central in H . The set {KS |
S ⊆ G, |S| < ∞} is a local system of N = KG. Clearly H/CH(N) is abelian because
CH (N)  CG(M). Let S be a subset of G. If h ∈ H \ CH (KS), there exists some
g ∈ KS such that [h,g] is non-trivial and hence of infinite order. The commutator identity
[hj , g] = [h,g]j = 1, j ∈ N, shows that H/CH(KS) is torsion-free. If S is finite, the rank
of KS is finite and r(H/CH(KS))  s by Lemma 5(a). Thus we may apply Lemma 10
and obtain r(H/CH(N)) s.
Next, we show that the rank of the abelian group N/CN(H) is finite. The set
{〈F 〉CH (N) | F ⊆ H, |F |  s} constitutes a local system of H because the rank of
H/CH(N) is bounded by s. Let F be a finite subset of H containing at most s elements.
Note that CN(〈F 〉CH (N)) = CN(F) =⋂f∈F CN(f ). So the factor group N/CN(F) is
isomorphic to a subgroup of Drf∈FN/CN(f ). Let f ∈ F . Consider the homomorphism
α :N → N , n → [n,f ] to see that N/CN(f ) = N/Kerα is isomorphic to the torsion-free
group [N,f ]. The group N1 = N〈f 〉 is torsion-free and nilpotent since
γ4(N1) =
[
N ′1,N1,N1
]
 [N,N1,N1] [L,H,H ] = 1.
By Lemma 11,
1
2
s(s − 1) r(N ′1)= r([N,f ])= r(N/CN(f )).
We conclude that N/CN(〈F 〉CH (N)) = N/CN(F) is torsion-free and
r
(
N/CN(F)
)
 r
(
Drf∈FN/CN(f )
)
 |F | · 1
2
s(s − 1) 1
2
s2(s − 1).
A second application of Lemma 10 yields r(N/CN(H))  s2(s − 1)/2. Both groups
H/CH(N) and N/CN(H) have finite rank. By Lemma 8(c) (with N in the role of L),
the rank of [N,H ] is finite. Since K  N and [K,H ] = 1, the commutator [N,H ] is a
non-trivial abelian normal subgroup of G of finite rank.
Case 3. In the last step, consider the case where C1 = CM(H) = 1, but CM/C1(H/C1) = 1.
Passing to the factor group G/C1, Case 1 proves the existence of some G-invariant
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these properties. Define H1 = CH (L/C1), a normal subgroup of G. Then, [L,H1,H1]
[C1,H1]  [C1,H ] = 1. First assume that [L,H1] = 1. Then H1/CH1(L) = H1/CH (L)
is non-trivial and abelian as a section of H/CH(M). This fact allows us to apply Case 2
with the role of H played by H1 and the group L in place of M . We obtain a normal
non-trivial abelian G-invariant subgroup of finite rank, so we are done in this case. Hence
we may assume that [L,H1] = 1, in other words H1  CH (L). As CH (L) is contained
in H1 = CH (L/C1), necessarily CH (L/C1) = CH (L). If M is elementary abelian, then
L/C1 is finite and so is H/CH(L/C1). If M is torsion-free, L/C1 is a rationally irreducible
H -module of finite rank. Then H/CH(L/C1) has finite rank by Lemma 5(b) and so
is finitely generated by Lemma 7. In any case, H/CH(L) = H/CH(L/C1) is finitely
generated, say H/CH(L) = 〈h1, . . . , hm〉CH (L)/CH (L). The group L/CL(H) = L/C1
is also of finite rank. Let F = 〈f1, . . . , fn〉 be a finitely generated subgroup of L. By
elementary commutator calculations (see [5, Corollary to Lemma 2.12]),
[F,H ] = 〈[fi, hj ] | i = 1, . . . , n; j = 1, . . . ,m〉FH
=
∏{[fi, hj ]H ∣∣ i = 1, . . . , n; j = 1, . . . ,m}.
But the group [fi, hj ]H has finite rank by Lemma 3. Thus [F,H ] = [FC1,H ] has finite
rank. If L is a p-group, L/C1 is finite and F can be chosen such that L = FC1. As a
result, the group [L,H ] is non-trivial, G-invariant and of finite rank. If L is torsion-free,
choose F such that L/FC1 is periodic. Then [L,H ]/[FC1,H ] is periodic by Lemma 4(b).
Consequently, [L,H ] is a non-trivial normal subgroup of G which has the same finite rank
as [FC1,H ]. This finishes the proof of the theorem. 
4. Proof of Theorems A and B
Proof of Theorem B. For the first part of the theorem it is enough to show that a minimal
normal subgroup M of the group G is finite. Clearly M is either elementary abelian or
torsion-free and radicable. By Theorem C, the group G has an ascending series with
abelian factors of finite rank. Intersecting M with this series, we see that M must have
finite rank. If M is elementary abelian, it is finite. We merely have to exclude that M is
torsion-free. Clearly M is not central in G because then for any 1 = m ∈ M , 〈m2〉 would be
a proper nontrivial G-invariant subgroup of M . So M is an irreducible G/CG(M)-module.
By Lemma 5, G/CG(M) is of finite rank and hence finitely generated by Lemma 7. But
this is impossible since a finitely generated group cannot be an irreducible Q-linear group
by [5, Lemma 9.39.1]. The second part of the theorem now follows from Lemma 9.39.2
of [5], which states that in hyper-abelian groups in which all chief factors are finite, all
maximal subgroups have finite index. 
Recall that the finite residual R = R(G) of a group G is the intersection of all its
subgroups of finite index and the F -perfect radical of G is the join of all subgroups U
of G for which R(U) = U .
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of G-invariant finite subgroups. Then H is centralized by the finite residual R of G. In
particular, any abelian normal torsion subgroup with ˘Cernikov p-components for every
prime p is centralized by R.
Proof. For any h ∈ H , there exists some finite G-invariant subgroup F containing h.
Hence, CG(F) has finite index in G and so R CG(F). This provesR  CG(H). Let H be
an abelian normal torsion subgroup of G with ˘Cernikov p-components for every prime p.
Every p-component is the union of its upper socle series (the members of which are finite
and hence centralized by R). Thus each p-component of H is centralized by R, and so
is H . 
Proposition 13. Let G be a hyper-abelian group with finite co-central rank. Denote the
finite residual of G by R. Then R possesses an ascending G-invariant series with R-central
factors of finite rank.
Proof. It is sufficient to prove that R contains a nontrivial G-invariant central subgroup
of finite rank. By Theorem C, the group G possesses an ascending normal series with
abelian factors of finite rank. Intersecting this series with R, we see that there is a G-
invariant abelian subgroup A = 1 of R which is of finite rank. In addition, A can be taken
to be either elementary abelian or torsion-free. If A is elementary abelian, it is finite and
hence R  CG(A). So we have to consider the case when A is torsion-free. Let A be
chosen to be G-invariant of minimal rank. Then G acts rationally irreducibly on A. If
B is a nontrivial G-invariant subgroup of A, then A/B has ˘Cernikov p-components. By
Lemma 12, A/B is centralized by R. Let D be the intersection of all nontrivial G-invariant
subgroups of A. We conclude that R centralizes the quotient A/D. Since D is the unique
smallest G-invariant subgroup of A, Dn = D for all n ∈ N and D is a radicable irreducible
G-module. The factor group G/CG(D) is residually finite by Lemma 7. So R  CG(D)
and R centralizes D. The proof is finished. 
There is a consequence of Proposition 13 worth mentioning. It says that for hyper-
abelian groups with finite co-central rank, the properties of being radicable and of being
F -perfect are equivalent (and imply nilpotence).
Corollary 14. An F -perfect hyper-abelian group G with finite co-central rank is radicable
nilpotent with central torsion group. A perfect hyper-abelian group with finite co-central
rank is trivial.
Proof. By the assumption, the finite residual R equals G. The above proposition yields
that G is hypercentral. Theorem 9.23 and its Corollary 1 in [5] imply that G is radicable
and its torsion group T is central in G. As G has finite co-central rank, G/T is nilpotent
by [7, Theorem A]. Thus G is nilpotent. The second statement of the Corollary follows at
once, since a perfect hyper-abelian group is necessarily F -perfect. 
The next lemma provides a reduction for the proof of Theorem A.
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is locally soluble.
Proof. Let H be a finitely generated subgroup of G. We have to show that H is soluble.
If R is the finite residual of H , then H/R is soluble by [7, Lemma 22]. Let N be a normal
subgroup of H such that the factor group H/N is soluble. By [7, Proposition 18], H/N is
a minimax group and by [5, Theorem 10.33], the finite residual J/N of H/N is abelian.
So RN/N  J/N is abelian for all normal subgroups N of H with soluble quotient H/N .
We conclude that R′ 
⋂{N | H/N is soluble} = 1. Hence H is soluble. 
Proof of Theorem A. The “only if”-part of the theorem was proved in [7, Theorem B]. We
have to show that a finitely generated hyper-abelian-by-finite group G of finite co-central
rank is soluble-by-finite. As G has some hyper-abelian subgroup of finite index which is
therefore finitely generated, we may assume that G is hyper-abelian and have to prove
that G is soluble. We can form the soluble residual S of G, that is the intersection of all
normal subgroups of G modulo which G is soluble. By Lemma 15, G/S is soluble and so
is G/S′. By definition of S, this implies S = S′ or, in other words, S has to be perfect. But
a perfect hyper-abelian group with finite co-central rank is trivial by Corollary 14, so S = 1
and G is soluble, which concludes the proof. 
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